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36 Astro notes 2018/11/26 - Mon - Cosmology - struc-

ture, metric, expansion factor

We’re going to mostly follow a relativistic formalism, but I will relate it to the newtonian
formalism at one point. (The text follows a mostly Newtonian formalism.) The basic
problem is that in order to discuss the cosmological constant or dark energy, we need the
relativistic formalism. People used to think the question was whether the universe would
recollapse or not, and what its curvature is, but it turns out even the question (or the
possible answers) is different because of the cosmological constant.

36.1 Writing down the structure of spacetime

The fundamental assumption, which appears to be true, is that the distribution of mass-
energy in the universe is homogeneous and isotropic. This means that the spacetime is
also homogeneous and isotropic, since the spacetime structure is created by the presence
of material. However even under this condition it is possible for the universe to expand,
and do so at a rate that is not constant, or to have nonzero curvature, i.e. to not be flat.

We also know that the universe is currently expanding.
It turns out that the universe does appear to have zero curvature, but in order to

understand what that means we must understand what it would mean to have nonzero
curvature.

We will write down the structure of the universe as its metric, but it helps to briefly
consider the newtonian limit to have an intuitive crutch for its dynamics and to make touch
with what is in the textbook.

36.2 Newtonian and Relativistic cosmology

Newtonian cosmology uses the homogeneous, isotropic assumption to think of the mass
in the universe much like dust particles evenly spread out in space. These dust particles
are collisionless. This is approximately how galaxy distributions look on very large scales.
These particles are all attracted to each other, but since the distribution is uniform and
fills all space, this attraction just pulls everything together. Since the universe is currently
expanding, we can then think of how the dynamics of gravity may or may not cause the
expansion of the matter in the universe to slow.
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However, I will not frame our discussion in Newtonian terms. One reason is because it
is extremely clumsy to introduce dark energy, which is now known to be the largest current
component of the universe.

In relativistic cosmology, we will define something called the scale factor and that will
quantify how the universe expands. Let’s get on to that.

36.3 Relativistic cosmology

Like any other general relativistic problem, most of the game is about choosing coordinates.
So lets try to choose some sensible time and space coordinates for the universe.

The assumption of homogeneity and isotropy creates a huge simplification of cosmology
because it makes it well defined to define and use a global time coordinate. i.e. the history
of the universe can be sliced in time in a way that is well-defined at every point – which
gives a well-defined reference clock.

Isotropy also means that, for example, x, y, and z directions can’t have different scale
factors associated with them. There must be just one scale factor for all space directions.

Consider the flat spacetime metric (Minkowski space)

ds2 = c2dt2 − (dx2 + dy2 + dz2)

How does this metric differ from what we know about the universe? Geodesic paths in
this metric don’t naturally match those we see for particles in the universe (not naturally
moving apart. We would have to put galaxies at higher and higher speeds far away. This
would not be consistent with Einstein’s equation since the spacetime does not follow the
mass-energy. It would also lead to infinite energies at large distance.

We can instead define coordinates in which galaxies stay at the same coordinates. These
are usually called ”co-moving coordinates”. With these a galaxy at a coordinate distance ξ
should have a steadily increasing actual space distance. This is accomplished by introducing
a ”scale factor” R(t), so that the spacetime metric is

ds2 = c2dt2 −R2(t)(dξ2 + dη2 + dζ2)
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then R(t) can be chosen so that on large scales galaxy clusters are fixed in the ξ, η, ζ
coordinates. It is common, in the text for example, to write this using spherical coordinates

ds2 = c2dt2 −R2(t)
[
dr2 + (rdθ)2 + (r sin θdφ)2

]
Again remember that the coordinate distance between galaxies ∆r does not change. How-
ever the distance between galaxies, R∆r, does because the scale factor R increases with
time.

This reduces the question of the history of the universe to understanding or specifying
R(t), i.e. the expansion history. We will come back to this soon.

36.4 the Hubble parameter in relativistic cosmology

Note that the current expansion rate of the universe is measured by the hubble constant
H0. This appeared in the relation, for any galaxy,

v0 = H0d0

where the 0 subscript indicates evaluated at the current time. More generally the expansion
rate of the universe is measured by what is called the ”Hubble parameter” defined similarly

v(t) = H(t)d(t)

where the distance for a fixed co-moving coordinate is

d(t) = R(t)r

(note that light travel distance is actually a bit more complicated)
Will use this next time to get H(t).
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