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3 Astro notes 2018/08/27 - Mon - Light1: Parallax,

Basic Flux, Magnitude

First a couple of things to finish up the 2-body problem...

3.1 Counting Parameters

It is useful to count independent parameters, since there are several forms of them floating
around. We started with 12 initial conditions (~r1, ~r2, ~v1 and ~v2). The position and uniform
motion of the center of mass, which we removed, used 6 of these. Two parameters set the
direction of the normal to the orbital plane, and another sets its orientation in space (the
direction of perihelion, for example). This leaves 3 parameters, along with the masses, to
describe the nature of the two orbits. One parameter describes the current state (where in
the orbit the bodies are). The masses set the relative scale of the orbits of the two bodies
as well as the overall scale. So there are two parameters, along with the masses, that set
the shape of the orbits. There are several combinations of parameters that can be used:
- a, e for one orbit or the reduced mass problem
- a, b for one orbit or the reduced mass problem
- E, L
Specifying any two of these, along with the masses, sets the shape and size of the orbits
and their period.

3.2 Virial Theorem

With these expressions for orbit shape, it can be shown that the orbital energy (which is
consant) is

E = −Gm1m2

2a
This is a form of the virial theorem,

E =
1

2
〈U〉 or − 2〈K〉 = 〈U〉

where K is the kinetic energy and U is the total potential energy. This relation is true for
much more complex systems, as long as they are in some kind of equilibrium.

The virial theorem can be derived with some generality by considering time derivatives
of the moment of inertia I =

∑
mir

2
i . If this is expected to be fairly static on average,

constraints can be placed on the energy of the system. Consider derivatives of I,

1

2

dI

dt
=

∑
i

mi~vi · ~ri =
∑
i

~pi · ~ri

Taking the time derivative of this gives

1

2

d2I

dt2
=

∑
i

mi~vi · ~vi +
∑
i

mi
d~vi
dt
·~ri = 2K +

∑
i

~Fi · ~ri
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This latter term can be summed by expanded∑
i

~Fi · ~ri =
∑
i

∑
i 6=j

~Fij · ~ri

Then writing ri as (~ri + ~rj)/2 + (~ri − ~rj)/2 this becomes

=
1

2

∑
i

∑
i 6=j

Fij · (~ri + ~rj) +
1

2

∑
i

∑
i 6=j

~Fij · (~ri − ~rj)

THe first term cancels to zero by symmetry since ~Fij = −~Fji. The second term turns out
to be surprisingly simple for our force law since it includes r̂ij:

= −1

2

∑
i

∑
j 6=i

mimj

r2ij
rij = −1

2

∑
i

∑
j 6=i

mimj

rij
= U

the total potential energy of the system.
By averaging everything

1

2
〈d

2I

dt
〉 = 2〈K〉+ 〈U〉 = 0

approximately as long as dI/dt is roughly periodic, so that its average derivative is zero.
This is commonly true of systems in equilibrium, since they are by definiton static in time
on average.
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3.3 Measuring distance with parallax
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Parallax is determined by comparing the direction of the light of a star with light from
other more distant objects at different times of the year (as earth moves through space).

Referencing the diagram above the parallax angle of the star is actually

θp =
1

2
(θAB − θAS2 − θBS1)

Where θAB is the angle between stars A and B, which is the same regardless of earth
position, and θAS2, for example, is the angle between reference star A and the target star
when Earth is in position 2.

See also a real parallax measurement, Thorstensen (2003):
http://adsabs.harvard.edu/abs/2003AJ....126.3017T
Notably as can be seen in the first figure, one must also account for the proper motion
of the object, which will give an overall motion in some direction across the sky (called
”proper motion”) on which the back-and-forth (actually quasi-circular) motion due to the
motion of the Earth is superimposed.

http://adsabs.harvard.edu/abs/2003AJ....126.3017T
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Also note the discussion of Lutz-Kelker bias. Parallax measurements are biased toward
larger parallaxes (nearer distances) because errors tend to increase parallaxes. This ne-
cessitates shifting parallaxes slightly to correct them. This can also lead to unexpected
ambiguities if the nature of the object is not well known - i.e. error can be mistaken for
parallax in a very distant object. But if something about the object is known, it can have
different implications, as discussed in Thorstensen (2003).

Also take a look at the Gaia mission, recently measured distances out to several thou-
sand parsecs – including around a billion stars, about 1% of Milky Way stars.

A parsec is then defined such that a star with a parallax of 1 arcsecond is at 1 parsec
distance so that

d =
1

θp
pc

when θp is given in arcseconds. Using

d× 1arsec = 1AU, d =
180× 60× 60

π
1.5× 1011m = 3.1× 1016 m

One parsec is about 3.26 light years
Note that typical seeing at a telescope (the approximate size of the image of a star)

is between 0.8 and 1 arcsecond typically, down to a few tenths at a good site. Even the
closest stars are hard to measure distances to even with modern instruments.

3.4 Flux and magnitude

As a first introduction to flux density, consider how the energy emitted by a star like the
sun spreads out in space. The energy emitted by the star (or other object) is measured
by its luminosity, L, in Watts or L�. This has dimensions of energy/time. But what we
generally measure with a telescope is the flux density

F =
L

4πd2
has units of Watt m−2

or dimensions of energy per time per area, that is, the energy passing through a unit area
perpendicular to the direction with the light is travelling.

The magnitude scales are constructed to be logarithmic such that a 5 magnitudes rep-
resents a factor of 100 in brightness. That is:

F2

F1

= 100(m1−m2)/5

Note that here we are discussing bolometric fluxes, but this type of scale applies equally
well to the flux in some wavelength range, which we will come to later.

We must choose a reference flux, which nominally would get into the messy details of
the various magnitude scales of different wavelength ranges – they are actually standardized
on a particular star, Vega – but it easier at this point to just declare that the sun observed
from Earth has an apparent bolometric magnitude of −26.83.

https://en.wikipedia.org/wiki/Gaia_(spacecraft)
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In-class exercise: Derive an expression for the apparent magnitude directly from the
flux. i.e. what is m(F )?

one should get
m2(F2) = m1 − 2.5 log(F2/F1)

or
m(F ) = m� − 2.5 log(F/F�)

Absolute magnitude is simply defined as the apparent magnitude at 10 pc. (student:)
Insert F = L/4πd2, with the Sun as reference.

Mbol(L) = Mbol,� − 2.5 log(L/L�)

and
m(d) = M + 5 log(d/10 pc)

The absolute magnitude of the Sun is 4.74.
Note this is deceptive because it means that while apparent magnitude is a measure of

flux in energy/time/area, absolute magnitude is actually a mesaure of just luminosity, in
energy/time.
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